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ABSTRACT 
We give a separation theorem for (q, n - q)-coronas improving arecent result due to Laurent-Thi6baut 
and Leiterer. 
1. INTRODUCTION 
Let X be a complex space with countable topology. Let 5 t" be a coherent analytic 
sheaf on X. For each non-negative integer k the cohomology group Hk(X, 9 ~) 
has a canonical structure of topological (complex) vector space, via the Cech 
cohomology. 
This topology is always separated when X is holomorphically convex, see, for 
instance [10]. 
Another simple sufficient condition is when Hk(X, .T) has finite dimension. In 
this direction a celebrated theorem due to Andreotti and Grauert [1] states that the 
vector space in question has finite dimension if: 
(a) either X is q-convex and k/> q, 
(b) or X is q-concave and k < prof(5 r) - q. 
It is important to notice that in the q-concave setting one has moreover the 
separation of H pr°f(~-)-q (X, Or). A similar assertion for q-convexity does not hold! 
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As a matter of fact, in Section 3 we produce for any pair of integers (n, q) 
with 2 ~< q ~< n, a q-complete open set D in C n such that H q-l(D, O) is not 
separated. 
On the other hand, since examples of q-concave spaces are mainly obtained by 
deleting analytic sets from compact complex spaces, there is the interesting notion 
of "mixed" convexity where some ends are q-convex and the remaining ones are 
p-concave. This motivates the notion of (p, q)-corona (see Section 2). 
Our main result, which improves ubstantially that from [7], is: 
Theorem 1. Let X be a connected complex manifold of dimension n and q a 
positive integer less than n. Suppose that X is a (q, n - q)-corona. 
Let jr be a locally free coherent sheaf on X. Then H n-q (X, jr) is separated 
provided the following two conditions are fulfilled. 
(1) The manifold X is an open subset of a larger complex space X, which may have 
singularities, such that K := X \ X is compact. 
(2) There is a coherent analytic sheaf -  on X with f-Ix = jr. 
Remark 1. Condition (1) might be restated by saying that the q-concave nds 
of X can be filled in. We also wish to point out that Theorem 1 is proved in [7, 
Theorem 1.2], under two similar stronger assumptions: (1") in which the extension 
.~ is non-singular, and (2*) which requires that the extension f- is locally free on 
the whole space .~. 
2. PRELIMINARIES 
Let X be a complex space, reduced and with countable topology. Let q >~ 1 be 
an integer. A function ~0 • C°°(X, ]R) is said to be q-convex [1] if there exists a 
covering of X by open patches Ax isomorphic to closed analytic sets in open sets 
D~ C C N~, ~. • I, such that each restriction tPlAz admits an extension ~'z to Dx 
which is q-convex, i.e. iO~'~z has at most q - 1 negative or zero eigenvalues ateach 
point of Dz. 
The q-convexity property is easily shown not to depend neither on the covering 
nor on the embeddings Az C Dz. (l-convex means mooth and strictly plurisubhar- 
monic.) 
The space X is called q-convex if there exists a compact set K C X and a function 
~o • C~(X,  R) which is q-convex on X \ K and ~0 is exhaustive for X, i.e., for every 
number c • I1~, the set {x • X; ~o(x) < c} is relatively compact in X. 
If we may choose K = 0, then X is called q-complete. Furthermore, X is 
q-complete with corners if there is an exhaustion function ¢ • C°(X, R) such that 
each point of X admits an open neighborhood W on which there are finitely many 
q-convex functions ~1 . . . . .  lpk (k might depend on W) such that 
¢lw = max(el . . . . .  Ck). 
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Proposition 1. Let X be a Stein manifold and D an open subset in X such that 
H j (D, (.9) -- O for all j >>. q. Then D is q-complete with corners. 
Proof. This follows easily from [5] and [9]. [] 
We say that X is q-concave if there exists a compact set K C X and a function 
~o ~ C~(X, •) which is q-convex on X \ K and such that: 
(,) For any c e (infx q), max/((p), the set {x ~ X; ~o(x) > c} is relatively com- 
pact in X. 
Of course q-concavity is interesting for q less that the complex dimension of X 
(since a complex space of dimension is always (n + 1)-concave!). It is worth to 
mention that an analogue of q-complete in the concave setting does not make sense 
due to the maximum principle for q-convex functions. 
We say that X is (p, q)-concave-convex, or a (p, q)-corona, if there is a C ~-  
smooth proper function ~o : X -~ (0, ~)  such that: 
(~) There exist a, b E (0, ~x~) such that ~0 is p-convex on {x 6 X; ~o(x) < a} and ~0 is 
q-convex on {x E X; b < ~0(x)}. 
If we may choose b < a, then we call X a complete (p,q)-corona. As in [1] one 
deduces immediately: 
Theorem 2. Let X be a (p, q)-corona and ~ a coherent analytic sheaf on X. Then 
HJ (x, f ') has finite dimension (as complex vector space)for every integer j with 
q <~ j < v(U) - p, where v(U) = limz~prof{x~X;¢(x)<Xl(U). 
It is perhaps important o observe that Ramis [11] stated the separation of 
HJ(x,  .,~) for j = v(5 t-) - p. Notice that, if X is a connected complex manifold 
of dimension and 5 t" is locally free, then v(~-) = n. Thus one would obtain the 
separation of n n -q (X, f ) ,  of course assuming that p + q ~< n. However, there are 
some discussion in [7] about he validity of this separation even in the simplest case 
whenn =2,  p =q = 1 and)V= (.9. 
3. AN EXAMPLE 
Here we give the promised example alluded to in the introduction. 
Proposition 2. For every pair of integers (n, q), 2 <<. q ~ n, there is a q-complete, 
connected, open subset D ofC n such that H q-1 (D, O) is not separated. 
Before getting involved with the proof, let us recall some facts: 
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Lemma 1. Every complex manifold Z of dimension n is (n + 1)-complete. 
Moreover, if Z is connected and non-compact, then Z is n-complete. 
Proof. An arbitrary smooth extension of Z is n + 1-convex because the Levi 
condition is void, whence the first part. For the "moreover" see [4,8]. [] 
Lemma 2. I f  X1 and X2 are complex spaces which are ql-complete and q2- 
complete respectively, then X1 x X2 is (ql + q2 - 1)-complete. 
Proof. Obvious! (Note that being Stein means 1-complete.) [] 
Let ~ and 9 be coherent analytic sheaves on complex spaces Y and Z respec- 
tively. Denote by ~@ G the (coherent analytic) sheaf p~,Or~ p~G on Y x Z, where p r 
and pz denote the canonical projections on Y and Z respectively, and "~"  means 
the analytic tensor product. For instance Or@ Oz ~- Or×z. 
The following Kfinneth formula due to Cassa [3] holds. 
Theorem 3. Assume that the cohomology groups HJ (Z, G), j = 0, 1 . . . . .  are 
separated. Then, for every non-negative integer k there exists a topological iso- 
morphism 
Hk(y xZ ,~)  "-~ @ ((ni (y,'~)sep @nJ (z, ~)) ~ eiJ), 
i+j=k 
where R ij are complex vector spaces of infinite dimension with the trivial topology 
i f  n i (Y, ~ is not separated and H j ( Z, G) does not vanish; otherwise  ij = O. 
Note. Above Vsep, for a topological vector space, denotes the quotient of V by 
the closure of its zero element; it is the canonically separated topological space 
associated to V. 
Corollary 1. Let Y and Z be complex spaces uch that all the cohomology groups 
H ° (Z, O) are separated. Suppose that H p (Y, O) is not separated and H q (Z, O) 
O for some integers p and q. Then H p+q (Y × Z, O) is not separated. 
Remark 2. This can be applied for instance when Z is compact and q = 0 or 
Z = q1 "1 a one dimensional complex torus and q = 1. 
Corollary 2. Let Y be a complex space such that, for some index j, H j (Y, (.9) is 
not separated. Then, for any Stein space Z, the topology of HJ(Y x Z, O) is not 
separated. 
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Proof. We can deduce this either as a direct application of the above corollary or, 
much easier as follows. The commutative diagram 
Y ~> YxZ 
i d~ lPr 
Y 
which exists since Z is non empty, induces in cohomology continuous applications 
HJ(Y,O) a> HJ(YxZ,  O) 
HJ (Y, (9) 
Since ot and 15 are continuous,/3 o u = id, it follows that H j (Y x Z, O) cannot be 
separated. [] 
Lemma 3. Let A be a connected, non-compact losed subset of C n such that 
h2(A) = 0, where h2(.) means the 2-Hausdorff dimension. Then the natural topol- 
ogy on Hn-l(cn \ A, O) is not separated. 
Proof. This is done by contradiction. So assume, in order to reach a contradiction 
that H n-1 (C n \ A, O) is separated. Since A has no compact connected component, 
granting [13], the restriction map 
Hn-l(cn, o)--+ Hn-I(Cn\A,O) 
has dense image; thus Hn-l(Cn \ A, O) = 0. It then follows that C n \ A is (n - 1)- 
complete with comers, or, equivalently (see [14]) that A is (n - 1)-concave with 
corners. Therefore by the main result in [14], the set A is a complex curve, hence 
its 2-Hausdorff dimension does not vanish, contradicting the choice of A. [] 
Proof of proposition. Let A be a connected, non-compact losed subset o fC q such 
that h2(A) = 0. For instance we may take A to be a real line. Let r = n - q and put 
O := (C q \ A) x C r. 
A straightforward application of the above facts gives the proof. [] 
4. PROOF OF THEOREM 1 
As a matter of fact, we shall reduce it to [7, Theorem 1.2], using Hironaka's 
desingularization theorem and a "desingularization theorem for coherent sheaves 
to locally free sheaves" given by Rossi [12] (see also Theorem 3.5 in [6]); more 
precisely one has: 
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Theorem 4. Let Y be a irreducible complex space and G a coherent analytic sheaf 
on Y. Then there is an irreducible complex space Y and a proper holomorphic 
modification Jr : Y--~ Y with the following properties: 
(i) I f  Y' is the set of points y ~ Y in which ~ is not locally free, then the restriction 
of rr induces a biholomorphism between Y \ zr -1 (Y') and Y \ Y'. 
(ii) The analytic pull-back ~* := zr*(G) is up to torsion locally free, i.e., ift(G*) 
denotes the torsion sheaf of G*, then G / (~ ) is locally free. 
Now, to proceed with the proof of Theorem 1, consider ~', X, K, Or and 5 ~ be as 
in the hypothesis (see Section 1). 
Let Jr : X ~ .~" be the proper holomorphic modification according to Theorem 4 
and .~ the analytic pull-back o f )  ~ to X. Put ~" := Jr -1 (K). 
Since X is a complex manifold, the analytic set of points Y 6 ~" at which f is not 
locally free is contained in K. Observe that ~" contains also the singular part of ~'. 
Furthermore, because Or is locally free and X is a complex manifold, .~ is locally 
free on ~" \ K so that .~ is locally free on ~" \ K; in particular its torsion part t(Or~ 
is supported on K. Therefore applying Theorem 1.2 from [7] to a desingularization 
of ~', we get that H n-q (X \ K, Or) is separated. But H n-q (X, Or) = H n-q (.~ \ K, U) 
and H n-q (X \ K, .~) is topologically isomorphic to H n-q (X \ K, .~), whence the 
proof. [] 
Corollary 3. Let X be a connected complex manifold of dimension >>. 3 which is 
a (1, q)-corona, 1 <~ q < n. Then for every coherent locally free sheaf or on X, the 
cohomology groups H j (X, Or), j = q, q + 1 . . . .  , are separated. 
Proof. This can be easily deduced from Theorem 1 since by [12] and [2] we get 
the corresponding extensions of X and O r. [] 
ACKNOWLEDGEMENTS 
I thank Jiirgen Leiterer for valuable remarks on a preliminary version of this paper. 
The author has received some support from a grant of the Romanian Ministry of 
Education and Research, the CEEX Program, Project 2-CEx06-10/25.07.06. 
REFERENCES 
[1] Andreotti A., Grauert H. - Thdor6mes de finitude pour la cohomologie des espaces complexes, 
Bull. Soc. Math. France 90 (1962) 193-259. 
[2] Andreotti A., Siu Y.-T. - Projective mbeddings ofpseudoconcave spaces, Ann. Scuola Norm. Sup. 
Pisa C1. Sci. (4) 24 (1970) 231-278, 
[3] Cassa A. - Formule di Ktinneth per la coomologia  valori in un fascio, Ann. Scuola Norm. Sup. 
Pisa C1. Sci. (3) 27 (1973) 905-931, 
[4] Demailly J.-R - Cohomology of q-convex spaces in top degrees, Math. Z. 2114 (1990) 283-295. 
[5] Eastwood M., Suria G.V. - Cohomologically complete and pseudoeonvex domains, Comment. 
Math. HeN. 55 (1980) 413-426. 
[6] Grauert H., Riemenschneider O. - Verschwindungss/itze fiir analytische Kohomologiegruppen auf
komplexen R/iumen, Invent. Math. 11 (1970) 262-292. 
476 
[7] Laurent-Thi6baut C., Leiterer J. - A separation theorem and Serre duality for the Dolbeault 
cohomology, Ark. Mat. 40 (2002) 301-321. 
[8] Ohsawa T. - Completeness of noncompact analytic spaces, Publ. Res. Inst. Math. Sci. 20 (1984) 
683~692. 
[9] Peternell M. - Continuous q-convex exhaustion functions, Invent. Math. 85 (1986) 249-262. 
[ 10] Prill D . -  The divisor class groups of some rings of holomorphic functions, Math. Z. 121 (1971) 
58-80. 
[11] Ramis J.-P. - Th6or6mes de s6paration et de fmitude pour l'homologie t la cohomologie des 
espaces (p,q)-convexes-concaves, Ann. Scuola Norm. Sup. Pisa C1. Sci. (3) 27 (1973) 
933-997. 
[12] Rossi H. - Picard variety of an isolated singular point, Rice Univ. Studies 54 (1962) 63-73. 
[13] Silva A. Behnke-Stein theorem for analytic spaces, Trans. Amer. Math. Soc. 199 (1974) 317 326. 
[14] V~jfiitu V. - The analyticity of q-concave sets of locally finite Hausdorff (2n - 2q)-measure, Ann. 
Inst. Fourier (Grenoble) 50 (4) (2000) 1191-1203. 
(Received June 2007) 
477 
